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SUM THEOREMS FOR MONOTONE
OPERATORS AND CONVEX FUNCTIONS

S. SIMONS

ABSTRACT. In this paper, we derive sufficient conditions for the sum of two or
more maximal monotone operators on a reflexive Banach space to be maximal
monotone, and we achieve this without any renorming theorems or fixed-point-
related concepts. In the course of this, we will develop a generalization of the
uniform boundedness theorem for (possibly nonreflexive) Banach spaces. We
will apply this to obtain the Fenchel Duality Theorem for the sum of two
or more proper, convex lower semicontinuous functions under the appropriate
constraint qualifications, and also to obtain additional results on the relation
between the effective domains of such functions and the domains of their sub-
differentials. The other main tool that we use is a standard minimax theorem.

INTRODUCTION

The primary purpose of this paper is to find sufficient conditions for the sum
of two or more maximal monotone operators on a reflexive Banach space to be
maximal monotone, and to achieve this without any renorming theorems or fixed-
point-related concepts. In the course of this, we will develop a generalization of
the uniform boundedness theorem for general (i.e., possibly nonreflexive) Banach
spaces, which we will also apply to obtain the Fenchel Duality Theorem for the sum
of two or more proper, convex lower semicontinuous functions under the appropriate
constraint qualifications.

Let E be a (nontrivial) Banach space. If S: E — 2F7 | we write

G(S) :={(z,z"): z € E, 2" € Sz}
and
D(S):={x:xz € E, Sz +#0}.
S is said to be monotone if
(z,2%), (y,y") € G(S) = (z—y,a"—y") =20.
S is said to be maximal monotone if S is monotone, and S has no proper monotone
extension. This is equivalent to the statement

(2,2") € E x E* and inf (s—zss=-2>0 = (22" €G(S).
(s,8*)€G(S)
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If Sy, So: E — 2E*, we define S1+S55: E — 2F" (Wlth D(Sl +52) = D(Sl)ﬁD(Sz))
by

(Sl + SQ)ZE = Slili + SQZZ?.

It is obvious that if S; and S are monotone then S; + S5 is also monotone. It is not
true that if S; and S are maximal monotone then S; + S5 is necessarily maximal
monotone. In order to guarantee this, one has to assume that the operators satisfy
a “constraint qualification”. We refer the reader to the discussion on p. 54 of [14].
The “sum theorem” of Rockafellar (see [18], Theorem 1, p. 76) asserts that if F is
reflexive, S1, So: E — 2E" are maximal monotone and

(0.1) D(S1) Nint D(S2) # 0,

then S; + S92 is maximal monotone. This result has recently been generalized by
Attouch-Riahi-Théra (see [2], Théoréme 4), who proved that (0.1) can be weakened
to

(0.2) D(S1) — D(S2) 1is absorbing.

(A subset A of E is said to be absorbing if (Jy.qAA = E.) It will follow from the
results in this paper that (0.2) can be further weakened to

(0.3) coD(S1) —coD(S3) is absorbing,

where “co” stands for “convex hull of”. In fact, we shall show how to associate
a proper, convex lower semicontinuous function xg to each monotone operator
S: E — 27 for which D(S) # @ in such a way that coD(S) C dom xg, and we
shall prove in Corollary 20 that (0.3) can be further weakened to the “dom-dom”
constraint qualification:

(0.4) dom xg, —dom xg, is absorbing.

Parenthetically, there is no prima facie reason that (0.4) should imply that D(S7)N
D(S5) # 0, though it will follow from Theorem 19 that this implication is true if F
is reflexive and S and Sy are maximal monotone.

In fact, there are also “subspace” versions of the above constraint qualifications
that are known to be sufficient. Attouch-Riahi-Théra have proved (see [2], Corol-
laire 1) that (0.2) can be weakened to

(0.5) U A[D(S1) = D(S5)] =1in(D(S1) — D(S2)),

A>0

where “lin” stands for “linear span of”, while Chu has proved (see [10], Corollary
3.5) that (0.1) can be weakened to

(0.6) coD(S1) —coD(S2) is a neighborhood of 0
' relative to  lin(D(S1) — D(S2)).

In Definition 22, we shall introduce a new concept, the “y constraint qualification”,
and we shall prove in Theorem 26 that if E is reflexive and S1,S2: £ — 2E" are
maximal monotone operators satisfying the x constraint qualification then 57 + .55
is maximal monotone. We shall show in Lemma 23 that if

(0.7) U AlcoD(81) = coD(S2)] =1in(D(S1) — D(S2)),

A>0
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then Sp, 5o satisfy the x constraint qualification, so Theorem 26 generalizes both
[2], Corollaire 1 and [10], Corollary 3.5.1

We now give a brief discussion of the main results of the paper. Corollary 4
contains a “second order” generalization of the uniform boundedness theorem —
see Remark 6 for more on this. In fact, if we are only interested in finding a simple
proof of Rockafellar’s original result (that is, using the condition (0.1)), it suffices
to have Corollary 5, which follows from the standard result that a convex lower
semicontinuous function is locally bounded on the interior of its domain.

We give the formal definition and some elementary properties of xg in Definition
8 and Lemmas 9-11. The function y g was originally introduced in [9]. In the interest
of keeping this paper as self-contained as possible, we reprove a couple of the simpler
results from [9] — collecting in Remark 12 statements of those results in [9] that
originally motivated the introduction of xg.

Lemmas 13 and 15 are our main results about monotone operators that satisfy
the dom-dom constraint qualification (0.4). Lemma 13 is a rather technical result,
in which we establish the existence of a bound M in terms of an auxiliary function
f. At first sight, the function f seems to be “pulled out of a hat”. In fact this is not
the case — we shall explain in Remark 21 that the definition of f is in fact forced
by the problem that we are considering. We assume for the first time that E is
reflexive in the penultimate line of Lemma 13. Lemma 13 leads rapidly to Lemma
15, in which we use a minimax theorem (see below for more on this).

In Lemmas 16 and 17, we impose the additional condition that S; and S5 be
maximal monotone. It is in Lemma 17 that we establish for the first time the exis-
tence of an element of G(S; + S2) satisfying certain properties. We bootstrap this
result, first by a translation in F in Lemma 18, and subsequently by a translation
in £* in Theorem 19. It is then but a short step to the proof in Corollary 20 that
if the dom-dom constraint qualification (0.4) is satisfied, then S7 4+ Sz is maximal
monotone.

We introduce the y constraint qualification formally in Definition 22. We perform
a further bootstrapping operation by restriction to a subspace in order to establish
the result in Theorem 26 that if S;, Sy satisfy the x constraint qualification, then
S1 + S2 is maximal monotone. This bootstrapping result, which is not entirely
trivial, appears in Lemma 25. We point out for the record that Lemma 25 is valid
if F is any normed space.

Conditions of “dom-dom” type were first introduced by Borwein and Attouch-
Brézis in a different context — that of finding weakened constraint conditions for
the validity of the Fenchel Duality Theorem on the conjugate of the sum of proper,
convex lower semicontinuous functions on a Banach space. In the final section of
this paper we show how Theorem 3 and the minimax technique lead to simple “geo-
metric” proofs of the main results from [1]. Both the theory of maximal monotone
operators and the theory of the Fenchel Duality Theorem concern duality in a fun-
damental way. It is, therefore, worth noting that the unifying result, Theorem 3,
does not concern duality — the dual space of F' is not mentioned. We close the
paper by showing how Corollary 31 can be combined with Corollary 4 to extend to
the nonreflexive case a recent result of Borwein.

1We refer the reader to the “Remark added in press” at the end of this paper for more infor-
mation about the constraint qualifications discussed above.
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We conclude this introduction with a few words about what we use and what
we do not use in this paper. In Lemma 15, we use the minimax theorem, Theorem
14, which follows from a result of Fan. It is important to note that the set A
in Theorem 14 is not topologized. This use of a minimax theorem is actually for
notational convenience. It would be also possible to obtain Lemma 15 from Lemma
13 and the Eidelheit Separation Theorem or a Sandwich Theorem, but the technical
details would be much more complicated. We can make a similar comment about
the use of Theorem 14 in Lemma 33. The technique used to prove Lemma 15 and
Lemma 17 is a more involved version of that used in [20], Remark 7, to prove that if
E is reflexive and S: E — 27" is maximal monotone, then S+ J is surjective (where
J is the duality map), coupled with a technique due to Minty and Browder (see
[8], Lemma 6, p. 99). Under the appropriate conditions the converse of the above
surjectivity result is true, i.e., if S: E — 2 is monotone and S + J is surjective
then S is maximal monotone. Indeed, the analysis in [18], [2] and [10] relies heavily
on this fact. However, in order for this to be true, it seems to be necessary to
renorm F. The renorming theorem is highly nontrivial and, as we have already
pointed out, the analysis in this paper does not depend on any renorming theorems
— see Remark 21 for an explanation of how this is achieved. We also reiterate that
the analysis in this paper does not depend on any fixed-point theorems either.

The bounds required in our analysis depend ultimately on the Baire Category
Theorem, which is used in Lemma 1. It is also possible to use the minimax technique
to generalize other results on the sum of two maximal monotone operators on a
reflexive space without the use of renorming or fixed-point theorems, such as the
result of Brézis-Crandall-Pazy (see [7]). Here the required bounds are established
using techniques that do not depend on the Baire Category Theorem. We do not
discuss these results further in this paper, since they would take us too far afield.

A GENERALIZATION OF THE UNIFORM BOUNDEDNESS THEOREM

Lemma 1, which is obviously related to the open mapping theorem, can in fact
be generalized considerably. (In this connection, we refer the reader to Robinson
[16], Ursescu [21] and Borwein [4]). Here we confine our attention to what we will
need in this paper. The idea for Lemma 1 is taken from Aubin-Ekeland [3], Lemma
3.3.9, p. 136.

Lemma 1. Let X and Y be closed conver subsets of a Banach space F';, X +Y be
absorbing, and X be bounded. Then X +Y is a neighborhood of 0 in F.

Proof. Since X +Y is closed, convex and absorbing, it follows from the usual Baire
Category Theorem argument that X + Y is a neighborhood of 0 in F. Choose
n > 0 so that

(1.1) we Fand ||w|<2n = weX+Y.
We shall prove that
(1.2) weFand |lw|<n = weX+Y,

which will give the desired result. So let w € F and ||w| <. Then, from (1.1),
2w € X 4+ Y; consequently

there exists z1 € X + Y such that ||2w — 21| < n.
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From (1.1) again, 4w — 227 = 2(2w — 2z1) € X + Y, and thus
there exists z2 € X +Y such that ||[4w — 221 — 23] <7.
Continuing this argument, we find z1, z2, z3, --- € X +Y such that, for all £ > 1,
126w — 2572y — s — 2| <,
from which
lw—2"1z — - —27Fz || <27y,

hence Z;il 2%z, = w. For all n > 1, choose z, € X and Yn € Y such that

Tp 4+ Yn = 2zn. Since X is bounded, closed and convex, there exists z € X such that
Yo, 2 %2, = 2. Then

i 2_kyk = i 2_k(zk — ) = i 2—k2k — i Q_kxk =w— 2.
k=1 k=1 k=1 k=1

Since Y is closed and convex, w — x € Y. This completes the proof of (1.2). |

Our first result on convex functions is purely algebraic, and does not use the norm
structure of F. If f: F — R U {00} is convex and n > 1, we write

domf:={z:z € F, f(z) eR} and F{f<n}:={z:z€F, f(z)<n}.

Lemma 2. Let F' be a normed space, f: F' — RU{oc} be a convex function, Y be
a subspace of F' and dom f +Y be absorbing. Then there exists n > 1 such that

(2.1) F{f <n}+Y is absorbing.

Proof. Since 0 € dom f+Y, there exists z € dom fNY. Let n > (f(z)+1)Vv0. We
shall show that n has the required property. Let w be an arbitrary element of F.
Then there exist A > 0 and = € dom f such that Aw € z +Y. We choose u € (0,1]
so that pu(f(z) —n+ 1) < 1. We shall prove that

(2.2) pAw € F{f <n}+Y.

Since we can carry out this construction for all w € F, this will establish (2.1),
which will complete the proof of Lemma 2. Indeed,

piw € plr +Y]=pr+Y =pr+[(1—p)z+Y] =[pr+ (1 —p)z]+Y
and, from the choices of n and p,
flpz+ (1 —p)z) < pf(x)+ (1 —p)(n—1) <n.
This completes the proof of (2.2). |

Theorem 3. Let F' be a Banach space, g: F — R U {oo} be a convex lower semi-
continuous function, Y be a closed subspace of F and dom g+Y be absorbing. Then
there exists n > 1 such that F{g <n, || || <n}+Y is a neighborhood of 0 in F.

Proof. Write f := gV|| ||. Then dom f = dom g. From Lemma 2, there exists n > 1
such that F'{f < n}+Y is absorbing. The required result now follows from Lemma
1 since the set F{f <n} = F{g <mn, || || <n} is bounded, closed and convex. [
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Corollary 4 is easily deduced from Theorem 3 by writing
F:=F* Y :={(z,2): 2€ E},

with the norm on F given by (for instance) ||(z1,x2)| := ||z1|| V ||z2]|, and defining
g: F— RU{oo} by

g(x1,22) == g1(z1) V [|21]| V g2 (2) V [[22]]-

Corollary 4. Let E be a Banach space, g1, g2: E — R U {00} be convex, lower
semicontinuous functions and domg; — domgs be absorbing. Then there exists
n > 1 such that

(4.1) E{gi <n, || || <n}—FE{g2<n, || || <n} is a neighborhood of 0.
In particular:

Corollary 5. Let E be a Banach space, g1, g2: E — R U {00} be convex, lower
semicontinuous functions and dom g; N int(dom gs) # 0. Then there exists n > 1
such that (4.1) is satisfied.

Proof. Of course, this result follows from Corollary 4. However, it also follows from
the more standard result that a convex lower semicontinuous function is locally
bounded on the interior of its domain. (See Phelps [14], Proposition 3.3, p. 39.)
Let u € dom g1 Nint(dom g2). Then there exist n > 0 and m > 1 such that

we Eand lw| <n = (g2V] [Du—-w)<m.

We now take n > gi(u) V |lu|| Vm. If w € E and ||w|]| < 5, then the identity
w = u — (u—w) shows that w € E{g1 <n, || || <n} —E{g2 <n, || || <n}, which
gives the required result. O

Remark 6. Suppose we take g2 to be the indicator function of {0}, i.e.,
0 (z=0),
ga() = oo (x #0).

Then Corollary 4 implies the following result: Let g;: £ — R be a convex, lower
semicontinuous function and dom g; be absorbing. Then there exist n > 0 and
n > 1 such that

(6.1) weFEand |w|<n = qw)<n.

Now let F' be a normed space and B be a nonempty pointwise bounded set of
continuous linear maps from FE into F'. Define g;: F — R by

91(z) = sup ||Tz|.
TeB
It then follows from (6.1) that

TeB — ||T|\§%.

It is this observation that justifies our description of Corollary 4 as a “second order”
generalization of the uniform boundedness theorem. The proof of the uniform
boundedness theorem given above can be found in Holmes [12], §17, p. 134.
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THE FUNCTION Xg

We suppose throughout this section that F is a Banach space. We write

C(E x E™)
= {a: a € [0,0)

and define affine maps p: C(ExE*) — E, q: C(EXE*) — E*andr: C(ExXE*) - R
by

E><E*’ a is finitely nonzero and Z(S s YeEx B As,s7) = 1}7

p(a) = Z(&s*)EC(EXE*) O(s,5%)5;
q(a) := 2 (s s yec(BxBr) Us,s) S

and

r(a) := Z(s,s*)EC(ExE*) a(s,S*)<5= s*).
We also define ¢: C(E x E*) x E* — R by
p(a,z”) :=r(a) — (p(a),z").

@ is affine in each variable. We suppose now that S: F — 2F" is a monotone
operator and D(S) # (), and we write

s:={a:a € C(E X E"), as)>0=(s,5)cG(5)}
We say that a is a vertex of og if there exists (y,y*) € G(S) such that

. e if (s,8") = (y,v"),
(5 710 otherwise.

The manipulations contained in Lemma 7 are part of the folklore of the theory
of monotone operators.

Lemma 7. Let S: E — 2F7 be a monotone operator with D(S) # 0, and a € os.
Then

¢(a,q(a)) > 0.

Proof. Let (s1,57),- -, (Sm, $,) be an enumeration of those elements (s, s*) of G(5)
for which a4 ) > 0, and write a; for a(,, s+). Then

¢(a, q(a)) =r(a) — (p(a), q(a))
=D Qilsi, 87) — (D0; isi, Do, is))
=224 00 (si, 57) = 22, 5 i (si, 87)
=2 Qi (si, 87 — 87)
=iy (i, s7 — 87) + D20, aieyi(si, 87— 87)
=D i< Qiq(si, 8T — 85) + X0, qiaj(sj, 87 — s7)
=i ii(si — 85,87 —sj) > 0. O
Definition 8. We define xs: E — RU {0} by

o 4@ = (@)
X8 e T ()]
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Since xg is the supremum of a family of continuous affine functions, xgs is convex
and lower semicontinuous. Lemma 9 shows that yg is also proper.

Lemma 9. Let S: E — 25" be a monotone operator and D(S) # 0. Then
D(S) C coD(S) C dom xg.
Proof. Since dom g is convex, it suffices to prove that
(9.1 D(S) C dom xg.
To this end, let w € D(S). Pick w* € Sw, and define 8 := (w,w*) V ||w*|. If
(s,s*) € G(S), then, since S is monotone,
(w, s%) — (5,8") = (w —s,8") < (w—s,w*) = (w,w") — (s, w").
Thus, for all a € og and (s, s*) € G(9),
(W, s 54)8") = A(s,50)(5,87) < a5 50 (W, W) = (a(s,5%)5, W").
Summing over (s, s*) € G(S5),

(w,q(a)) —r(a) < (w,w") = (p(a),w”) < (w,w") + [Ip(a)ll[w*| <AL+ [[p(a)])-
Dividing by 1+ ||p(a)||, and taking the supremum over a € og, we see that xs(w) <
B, which implies that w € dom xg. This completes the proof of (9.1), and hence
that of Lemma 9. |
If T: E — 277 the inverse T~': E* — 2F of T is defined by

T 2" :={r:2€E, Tr3z*} (z*€E").
Lemma 10. Let T: E — 25" be monotone and D(T) # 0. Let w € E and S =
(T=! —w)~t. Then dom xs = dom xr —w
Proof. We note that Sz =T (x +w) (x € E). We shall prove that, for all z € E,
xs ()
1+ Jwl] —

from which the desired result follows. It fact, it suffices to prove the second inequal-
ity in (10.1) — the first inequality follows by replacing w by —w and interchanging
the roles of T"and S. Let a € or, and define b € s by b(s s+) = A(s4w,s)- We note
that

(10.1)

< xr(r+w) < (1+[Jwl)xs(2),

p(b) =pla) —w, q(a)=q(b) and r(a)—(w,q(a)) =r(b).
Thus

{x +w,q(a)) —r(a) = (x,q(b)) —r(b)
from the definition of yg(x),

< L+ [p@)[)xs(z)

L+ [lp(a) — wl)xs(z)

L+ [lp(a)[l + [[wl)xs ()
L+ [lp(a) DL+ [fwl)xs (2)-

The second inequality in (10.1) follows by dividing by 1+ ||p(a)||, taking the supre-
mum over a, and using the definition of x7(z + w). This completes the proof of
Lemma 10. O

o~ o~ o~ o~

<
<
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Lemma 11. Let S: E — 25 be monotone and D(S) # 0. Let w* € E* and
T=S5—w* Then dom x7r = dom xgs.
Proof. Let x € E and (3 := ||w*|| V ||z]|||w*]]. We shall prove that
(11.1) xr(z) = B < xs(x) < xr(z) + 5,

from which the desired result follows. It fact, it suffices to prove the second inequal-
ity in (11.1) — the first inequality follows by replacing w* by —w* and interchanging
the roles of S and T'. Let a € o, and define b € o by b(; 1+) = a(s 4= 4w=). We note
that

p(b) = p(a), qla) = q(b) +w* and r(a) = r(d) + (p(b),w").

Thus
(z,q(a)) —r(a) = (z,q(b) + w*) —r(b) — (p(b), w")
< (2, q(b)) — () + [|l[[[[w*|| + [[p(0)||[|w"]]
< (z,q(b)) —r(b) + B+ Blp®d)]
= (z,q(b)) —r(b) + B(1 + [[p(b)[|)

from the definition of xr(x),

< L+ p@)Nxz () + B(1 + [Ip®)])
= (L+ @) (xr () + ).
The second inequality in (11.1) follows by dividing by 1+ ||p(a)||, taking the supre-

mum over a, and using the definition of xg(w). O

Remark 12. The function ys was defined in [9], in which Lemmas 9 and 10 also
appeared. Here, for the convenience of the reader, are the other main results proved
in[9]. Let x € E and A C E. We write “z € sur A” if, for each w € E'\ {0}, there
exists 6 > 0 such that = + éw € A.

First, let S: E — 25" be monotone and D(S) # (. Then:
(a) If x € sur(dom xg), then there exist §, @ > 0 such that

(y,y") € G(S) and [y —zl| <6 = [yl <@
(b) If S: E — 27 is maximal monotone, then
int D(S) = int(co D(S)) = int(dom xs)
= sur D(S) = sur(co D(S)) = sur(dom xs).
(c) IfS: E — 2F" is maximal monotone and sur(dom xs) # ), then
D(S) =coD(S) =dom xg
= int D(S) = int(co D(S)) = int(dom xs)
= sur D(S) = sur(co D(S)) = sur(dom xg).

The statement “z € sur A” is related to « being an “absorbing point” of A (see
[14], Definition 2.27(b), p. 28), but differs in that we do not require that z € A.
(a) strengthens the local boundedness result of Borwein-Fitzpatrick (see [6]). (b)
and (c) make more explicit the result proved by Rockafellar in [17], Theorem 1,
p. 398 (see also [15], Theorem 1.9, p. 6) that if S is maximal monotone and
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int(co D(S)) # 0, then int D(S) and D(S) are both convex. (b) also answers in the
affirmative a question raised by Phelps (see [14], p. 29 and [15], p. 8).

THE “DOM-DOM” CONSTRAINT QUALIFICATION

Our next series of results concerns pairs of monotone operators that satisfy the
dom-dom constraint qualification (0.4).

Lemma 13. Let E be reflexive, Si1, So: E — 2F° be monotone operators and
dom xg, —dom xs, be absorbing. Write A .= og, X 0s,, and define the function
fi AXx (E* x E* x E) — R by the formula

f((a1, a2), (27,23, 2))
= 20(a1, 1) + 2p(az, 73) — 2(z, q(a1) + qlaz)) — [12[* — [Ja7 + 23]
Then there exists M > 0 with the following property: for all (a1,a2) € A, there
exists (x5, 25,2) € E* X E* x E such that
(13.1)  lzill =M, a3l <M, |z £2M  and  f((a1,a2), (27, 23,2)) = 0.

Proof. To simplify the expressions in what follows, we write x; instead of xs,. From
Corollary 4, there exist n > 1 and 7 € (0, 1] such that

(132) weFand |w|<n = weE{aV||<nt—E{xV]]| <n}.

We write M := 5n?/n, and we shall show that M has the required property. So let
(a1,a2) € A. We start off by proving that there exists (z7,z5,v) € E* x E* xR
such that
23l <M, la3)| < M, v e [0,2M]

(13.3) and

2p(a1,27) + 2¢(az, 23) + 2vlq(ar) + qaz)l| — v2 — ||} + 23 > 0.
We first consider the case that ||g(a1)| V ||g(az)|| < M. Here we write (x7,23) =
(¢(a1),q(az2)) and v := ||g(a1) + g(az2)||, and (13.3) is immediate from Lemma 7.
We now consider the other alternative, namely that ||g(a1)] V ||¢(az2)| > M, and
we shall prove that

(13.4) (13.3) is satisfied with ||z7|| <n and v =n
We fix j € {1, 2} such that ||¢(a;)|| > M, choose an element v of E such that
(13.5) [o <n and (v,q(a;)) > Mn = 5n,

and write k for the element of {1, 2} different from j. From (13.2) applied to
w := v (depending on whether j =1 or 2), there exist x, y € F such that

xj(@) <n, xuy)<n, |y|<n and z—y=no.
From the Hahn-Banach theorem, there exist x7, x5 € E* such that, for i =1, 2,
lz7ll <mn, and (p(a:),z7) = —nllp(a:)].
Since M > n, ||z7|| < M and ||z5]| < M as required. Further, since x;(z) < n and
r=0v+Y,
plaj, zj) :=r(a;) — (play), z3)
=r(a;) + nllp(a;)|| = (z,q(a;)) —n
= (v+y,q(a;)) —n = (v,q(a;)) + (y, q(a;)) — n.
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Thus, from (13.5),
(13.6) olag, ) > 50 + (g, qla)) —n > 4n + (g, q(ay).
Since xx(y) < n,
(137)  plon ) = rlan) — (plax),21) = r(aw) +nllp(a)ll > (9, alar)) —n.
We now add (13.6) and (13.7). Since |ly|| < n, we derive
(a1, 27) + plaz, 23) > 4n* + (y,q(a1) + q(az)) — n > 3n* —nllq(ar) + q(a2)].-
Thus
2p(a, z7) + 2¢(az, 23) + 2nllg(ar) + qlaz)|| = n* — |27 + 23|
> 6n” —n? — |2} + 25|,
since ||z%]] < n and ||z3|| < n,
> 5n? — (2n)? > 0.

Thus (13.4) is satisfied. This completes the proof of (13.3). Since E is reflexive, we
can choose z € E such that ||z|| < v and

(z,q(a1) + q(az)) = —vllq(ar) + q(az)],
from which (13.1) is an immediate consequence. O

The minimax theorem below follows from a result of Fan (see [11]). (See also
[13] and [19] for simple generalizations of Fan’s result.)

Theorem 14. Let A be a nonempty convex subset of a vector space, and B be a
nonempty compact convex subset of a topological vector space. Let h: A x B — R
be conver on A, and concave and upper semicontinuous on B. Then

inf max h = maxinf h.
A B B A
Lemma 15. Let E be reflexive, S1, Sa: E — 2F be monotone operators and

dom xg, —dom xg, be absorbing. Then there exists (x7,25,2) € E* X E* x E such
that,

(151) fOT all (a17a2) € A7 f((a17a2)7 (xfaxsaz)) 2 0.
Furthermore, for all (s1,s}) € G(S1) and (s2,s3) € G(S2),

2
(15.2) 2 [{si,s) = (siyzf) = (z.57)] = 1217 = [l2] + 23)* = 0.
i=1

Proof. We choose M as in Lemma 13, and write
B :={(a},25,2): |z]|| < M, ||=5|| < M, ||z|| <2M} C E* x E* x E.
It follows from Lemma 13 that
i%f mgxf > 0.
A and B are convex. We give E and E* their weak topologies, and it then follows

from the Banach-Alaoglu theorem that B is compact. Further, f is affine on A,
and concave and upper semicontinuous on B. Thus, from Theorem 14,

maxinf f >0
B Af_’
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which gives (15.1). (15.2) follows from (15.1) by allowing a; to run through the
vertices of og,. This completes the proof of Lemma 15. O
MAXIMAL MONOTONE OPERATORS ON REFLEXIVE SPACES

Lemma 16 contains the essence of maximal monotonicity. (a) follows by taking
(s,8*) = (z,2%), (b) is immediate from the definition of maximal monotonicity,
and (c) follows from (a) and (b).

Lemma 16. Let S: E — 25" be mazimal monotone.

(a) If (z,2%) € G(S), then inf(s s+)eq(s)(s — 2,8 — 2*) < 0.

(b) If(z,2*) € Ex E*\ G(S), then inf  s)cas)(s — 2,8 — 2*) <O.
(c) Forall (z,2*) € E x E*, inf(, gyeq(s)(s — 2,8" — 2") < 0.

Lemma 17. Let E be reflexive, Sy, So: E — 2F" be mazimal monotone operators
and dom xg, —dom xg, be absorbing. Then there exists (z,2*) € G(S1 + S2) such
that

(17.1) 12117 + 12711 + 2z, 2) = 0.

Proof. From Lemma 15, there exists (x7,25,2) € E* x E* x E such that, for all
(s1,s7) € G(S1) and (s2, s3) € G(Sa2),

22 5i,55) — {sisl) — (2,500] = |22 + 12 + w3,
from which
22 5i055) — (5,2 — (2,55) + (2, 0)] = 202+ [l + @312 + 202, 05 + 23).
Puttlng Z¥ =] + xﬁ, this can be rewritten
(17.2) 22 yst— ) > |12)12 + |17 + 2(z, 2%).
Taking the inﬁmum over all (s1,s7) € G(S1) and (s2, s3) € G(Sa2),
22(& nt i =z =) 2l 1P 205 57),

Since ||2]|2 4|2 ||? +2(z, z*) > ||2]|2+||2*]|* = 2| z]||z*|| > 0, it follows from Lemma
16 (c) that (17.1) is satisfied and, for i = 1, 2,

inf (s; —z,87 —x})=0.
(si,87)EG(Sy)

We now deduce from Lemma 16 (b) that (z,z}) € G(S;). Consequently,
(2,2") = (2,27 + 25) € G(S1 + Sa2).
This completes the proof of Lemma 17. O

Lemma 18. Let E be reflexive, Ty, To: E — 25" be mazimal monotone operators
and dom x1, —dom X1, be absorbing. Suppose also that w € E. Then there exists
(¢,2*) € G(Ty + 1) such that

16 = wll? + 121 + 2(¢ — w, z*) = 0.
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Proof. Let S; := (T;* —w)~!. From Lemma 10, dom x5, — dom xsg, is absorbing.
The result follows from Lemma 17, with ¢ := z + w. O

Theorem 19. Let E be reflexive, S1, Sa: E — 2F be mazimal monotone opera-
tors and dom xgs, —dom xg, be absorbing. Suppose also that w € E and w* € E*.
Then there exists (¢,¢*) € G(S1 + S2) such that

(19.1) 16 = wl* + [I¢" = w* | + 2(¢ = w,¢" — w") = 0.

Proof. Let T; := S; — w*/2. From Lemma 11, dom yp, — dom x7, is absorbing.
The result follows from Lemma 18, with (* := z* + w*. O

Corollary 20. Let E be reflezive, S1, S2: E — 2F" be mazimal monotone opera-
tors and dom xs, —dom xs, be absorbing. Then S1 + Sy is mazimal monotone.

Proof. Suppose that (w,w*) € E x E* and,

(20.1) for all (z,2) € G(S1 + 52), (z—w,z" —w*) >0.

Choose (¢,¢*) € G(S1 + S2) as in (19.1). From (20.1) with (z,2*) := (¢, ¢*),
1€ = wl? + [I¢* = w|* < 0;

hence ¢ = w and ¢* = w*. Thus (w,w*) = (¢,¢*) € G(S1 + S2). This completes
the proof of Corollary 20. O

Remark 21. We have not yet explicitly introduced the duality mapping J, though it
has been implicit in some of the above results. For instance, (17.1) is equivalent to
the statement that —z* € Jz, so the conclusion of Lemma 17 is that R(S1+S2+.J)
0. If w € E, define Jy,(x) := J(z —w) (x € E). Then (19.1) is equivalent to the
statement that w* — ¢* € J,,({), so the conclusion of Theorem 19 is that, for all
w e FE, Sy + Sy + Jy is surjective. The simple bootstrapping that we have done in
going from Lemma 17 to Theorem 19 (i.e., proving the surjectivity of S1 + Sa + J,
rather than that of S7 + So 4+ J) is what makes it unnecessary to use a renorming
theorem.

We now discuss the comment made in the introduction that the function f
defined in Lemma 13 is not pulled out of a hat. Suppose we know that S; + S5
is maximal monotone. As we have observed in the introduction, S7 + So + J
is surjective; consequently there exists (z,z*) € G(S1 + S2) such that (17.1) is
satisfied. Let (z,27) € G(S1), (z,23) € G(S2) and x] + x5 = z*. Then, for all
(s1,87) € G(S1) and (s2,83) € G(S2), (17.2) is satisfied, and so (15.2) is also
satisfied. From convexity, (15.1) is also satisfied, from which, for all (a1, as) € A,

2p(a,z7) + 2p(az, 23) + 2| 2llllg(ar) + glaz)l| — [|2]* — l|lz] + 3]|* > 0.

Let M > ||x5|l, M > ||z3]] and M > ||z||/2. Then (13.3) is satisfied with v := ||z||.

Put another way, there is no real loss between (13.3) and Corollary 20. The
problem is, of course, to find a value of M that makes it possible to establish
(13.3).

THE x CONSTRAINT QUALIFICATION

Corollary 20 is enough to establish the sum theorem under the assumptions (0.1)—
(0.3). In order to deal with (0.5)—(0.7), we introduce a new constraint qualification.
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Definition 22. Let S1, S2: F — 25" be monotone operators. We say that S1, S
satisfy the x constraint qualification if there exist w € FE and a closed subspace F'
of F such that D(S1)U D(S2) C w+ F and

U AM(w+ F)Ndom xs, — (w+ F) Ndom xs,] = F.
A>0

It is clear from Lemma 23 below that if any of (0.1)—(0.6) is satisfied then Sy, Sa
satisfy the x constraint qualification.

Lemma 23. Let S1, So: E — 257 be monotone operators and

L Alco D(S1) = co D(S5)] = 1in(D(S1) — D(S2)),

A>0

i.e., (0.7) is satisfied. Then S1, So satisfy the x constraint qualification.

Proof. Let F :=lin(D(S1) — D(S2)). Since 0 € F', 0 € co D(S1) — co D(S2); hence
there exists w € co D(S1) NcoD(S3). But then

D(S1) —w C coD(S1) — coD(S2) = co(D(S1) — D(S2)) C F
and

D(S3) —w C coD(S3) —coD(S1) = co(D(S2) — D(S1)) C F;
consequently D(S7) U D(S2) C w + F. It then follows from Lemma 9 that, for

1=1, 2, coD(S;) C (w+ F)Ndom xg,, which gives the desired result. |
Using an argument similar to that employed in Lemma 23, one can prove that if
(23.1) U Aldom xs, —dom xsg,| = lin(dom xs, — dom xs,),
A>0

then Sy, Sy satisfy the x constraint qualification. However, our knowledge of the
relationship between co D(.S) and dom yg is far from complete at the moment, and
we do not know if (23.1) is, in fact, different from (0.7). (Compare Remark 12 (c).)
In order to bootstrap Corollary 20 into Theorem 26, we now digress a little and
discuss the relationship between maximal monotone operators and subspaces.

Definition 24. Let F be a subspace of a normed space F and T: E — 287, We
say that T is F-saturated if

(u,u*) € G(T), v* € E* and v*|p =u™|p = (u,v") € G(T).

Lemma 25. Let F be a closed subspace of a normed space E, T: E — 2F" be
monotone and D(T) C F. Define T|p: F — 25 by (T|p)x := {a*|p: o* € Tx}.
(a) T|r is monotone.

(b) X(r|») = (x7)|lF — hence dom x(p|,y = F Ndom xr.

(¢) T is mazimal monotone <= T is F'-saturated and T|r is mazimal monotone.

Proof. We leave to the reader the proofs of (a) and (b), which are fairly straight-
forward.

(¢)(=) Suppose that T is maximal monotone. We first prove that T is F-
saturated. Solet (u,u*) € G(T), v* € E* and v*|p = u*|p. From the monotonicity
of T,

for all (¢,t*) € G(T), (t —wu,t* —u*) > 0.
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However, t —u € F and v*|p = u*|F; consequently,
for all (¢,1") € G(T), (t—u,t"—v") =0.

From the maximal monotonicity of T, (u,v*) € G(T'). This completes the proof
that T is F-saturated. We next prove that T'|r is maximal monotone. Let (z,2*) €
F x F* and

for all (¢,s%) € G(T|r), ({t—2z,s"—2")>0.
It follows that
for all (¢,t*) € G(T'), (t—=z,t"|p—2")>0.

From the Hahn-Banach theorem, there exists y* € E* such that y*|p = 2*. We
then have

for all (¢,t*) € G(T), (t—z,t"|lr—y*|F) >0,
or equivalently, since t — z € F,
for all (¢,t*) € G(T), (t—=z,t"—y*)>0.
From the maximal monotonicity of T, (z,y*) € G(T); hence (z,2*) = (z,y*|F) €
G(T|F). Thus T|F is maximal monotone, as required.

(¢)(<=) We now assume that T is F-saturated and T'|r is maximal monotone,
and prove that T' is maximal monotone. Suppose that (z,2*) € E x E* and

(25.1) for all (t,t*) € G(T'), (t—=z,t"—2")>0.
We first prove that
(25.2) y* € FE and y*|lrp =0 = (z,y")=0.

Let y* € E* and y*|p = 0, and fix (¢,t*) € G(T). We note, for future reference,
that

(25.3) teF

Let A be an arbitrary real number. Since T is F-saturated, (¢,t* + Ay*) € G(T).
Thus, from (25.1), (t — z,t* + Ay* — z*) > 0. We derive from this that

Mz, y™) =Mz —t,y") < ({t —z,t" — 2").

Since this holds for all A € R, (z,y*) = 0, which completes the proof of (25.2).
Since F is closed, it now follows from (25.2) and the separation theorem that

(25.4) zeF.

Now let (t,s*) be an arbitrary element of G(T|r). (25.3) is again satisfied. From
the Hahn-Banach theorem, there exists t* € E* such that t*|p = s*. Since T is
F-saturated, (¢,t*) € G(T) so, from (25.1), (t — z,t* — 2*) > 0. We now derive from
(25.4) and (25.3) that (t — z,t*|p — 2*|F) > 0; that is to say, (t — z,s* — 2z*|F) > 0.
Since this holds for all (¢,s*) € G(T'|r) and T'|r is maximal monotone, (z,z*|r) €
G(T|r). Finally, using the fact that T is F-saturated, we obtain that (z, z*) € G(T).
This completes the proof that T is maximal monotone. O

Theorem 26. Let E be reflexive and S1, So: E — 2E" be mazimal monotone op-
erators satisfying the x constraint qualification. Then S1+ S5 is mazimal monotone.
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Proof. Let w and F be as in Definition 22 and 7T} := (S; ' —w)~'. Clearly, T} and
T, are maximal monotone. From Lemma 10, D(77) U D(T») C F and

U /\[Fﬂdom x1, — F Ndom XTz} =F
A>0
From Lemma 25 (¢)(=>), T1|r and T3|p are maximal monotone and, from Lemma
25 (b),
U /\[dom X(T1|p) — dom X(T2|F)} =F.
A>0

Thus, from Corollary 20, (T} + T2)|r = Ti|F + T2|F is maximal monotone. From
Lemma 25 (c¢)(=>) again, Ty and T5 are F-saturated, hence T1 + 75 is F-saturated.
We now deduce from Lemma 25 (c)(<=) that T} + T» is maximal monotone and
hence, from Lemma 10 again, that S; + S5 is maximal monotone too. O

Corollary 27 is immediate from Theorem 26 and induction.

Corollary 27. Let E be reflexive, m > 2 and Sy, ..., Sp: E — 2E" be mazimal
monotone operators such that, for allk =2, ..., m, S1+---+ Sk—1 and Sy satisfy
the x constraint qualification. Then Sy + -- -+ Sy, is maximal monotone.

Remark 28. It follows from Lemma 23 that S; + --- + Si—1 and Sj, satisfy the x
constraint qualification provided that
(28.1)
U )\[CO D(S1+ -+ Sk—1) —co D(Sk)} =lin(D(S1+ -+ Sk—l) — D(Sk)).
A>0
If Cy, = D(S1) N+~ N D(Sk—1) — D(Sk), then (28.1) can be rewritten:
U /\[co Ck] =lin C},.

A>0

Thus Corollary 27 generalizes [10], Corollary 4.2, in which the assumptions imply
that

co C; is a neighborhood of 0 relative to lin Cy.

A FENCHEL DUALITY THEOREM FOR TWO OR MORE FUNCTIONS

We suppose throughout this final section that E and F' are Banach spaces. If
g: E— RU{oo} is a proper convex, lower semicontinuous function, the conjugate
function ¢g*: E* — RU{oco} is defined by the formula g*(z*) := supp(z* —g). g* is
proper, convex and lower semicontinuous. The Fenchel Duality Theorem says that,
under the appropriate constraint qualification, the conjugate of the sum of proper
convex, lower semicontinuous functions is the exact episum of the conjugates of
the functions. After some simple transformations, this problem can be reduced to
finding a formula for the infimum of the sum of such functions in terms of their
conjugates. Lemma 29 was established by Borwein in [5], Theorem 8.1, p. 421, and
by Attouch-Brézis in [1], Theorem (1.1), Step 2, p. 129.

Lemma 29. Let g1, g2: E — RU {00} be convex lower semicontinuous functions
and dom g1 — dom go be absorbing. Then

(20.1) inf(g1 +g2) + min g7 (21) +g5(25) = 0.
E zi+2z5=0
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Attouch-Brézis then deduce the following three results.

Theorem 30. (See [1], Theorem (1.1), Step 3, p. 129) Let g1, g2: E — RU{oo}
be conver lower semicontinuous functions and

U )\[dom g1 — dom gg} = lin(dom g; — dom g5).
A>0
Then (29.1) holds.
Corollary 31. (See [1], Corollary (2.1), p. 130) Let f1, fo: E — RU {oco} be
convez lower semicontinuous functions and
|J Aldom f1 — dom f5] =Tin(dom f; — dom f).
A>0
Then 8(f1 + fQ) = 8f1 + 8f2
Corollary 32. (See [1], Corollary (2.2), p. 131) Letg: F — RU{oo} be a convex
lower semicontinuous function, Y be a closed subspace of F', infy g € R and
U A[domg + Y] =lin(domg +Y).
A>0

Then
inf S —
in g—|—$1Lng 0

The passages from Lemma 29 to Theorem 30 and from Theorem 30 to Corollaries
31 and 32 are straightforward. However, the proof of Lemma 29 in [1] is not easy,
and uses the Banach-Dieudonné-Krein-Smulian Theorem, and the proof of Lemma
29 in [5] depends on some technical results on convex processes. Here we shall
show how to deduce a special case of Corollary 32 — Lemma 33 — directly from
Theorem 3 using a simple geometric argument. We shall then show how to deduce
Lemma 29 from Lemma 33. (Incidentally, one of the hypotheses originally given in
[5], Theorem 8.1 was not sufficiently strong — see [22], p. 697 — but this problem
does not affect the applications that we have in mind here.)

Lemma 33. Let g: F — RU {oo} be a convex lower semicontinuous function, Y
be a closed subspace of F, dom g+ Y be absorbing and infy g = 0. Then

(33.1) Igiflg =0.

Proof. We first note that if 2* € Y+, then
g°(z7) = sup(z” — g) > sup(z” — g) = sup(~g) = —infg =0,
F Y Y
so infy1 ¢g* > 0. Thus it suffices for (33.1) to prove that
(33.2) there exists 2* € Y such that g*(2*) < 0.
We write A := domg x Y and define the function f: A x F* — R by
f(x,2),2%) == g(z) + (z — =, 27).
From Theorem 3, there exist n > 1 and n > 0 such that
(33.3) weFand ||lw|<n = weF{g<n}+Y.
We write M :=n/n, and we shall first prove that,
(33.4) for all (z,2) € A, g(x)+ M|z —=z| > 0.
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So suppose that (z,z) € A. If ||z — z|| = 0 then z € Y, and (33.4) is immediate.
If, on the other hand, ||z — x| > 0, we write A := n/||z — z||. Then ||Az — \z| =7,
and hence, from (33.3), there exists v € F{g < n} such that Az — X \x € v+ Y, from
which

Az 4+ v

A+1

Using the fact that g(v) < n, the convexity of g and (33.5), we get
Ag(x) +n _ Ag(x) +g(v) > </\:z: —I—v) > infg —0,

(33.5) 2%

A+1 — A+1 A+1
from which g(x) +n/A > 0. (33.4) follows from this since

>3

n
=~z =zl = M|z — z|.
Ui

This completes the proof of (33.4). We now write
B:={a": ||| < M} C F".
It now follows from (33.4) and the Hahn-Banach theorem that
inf max f > 0.
A B
A and B are convex. We now give F* the weak® topology, and it then follows from

the Banach-Alaoglu theorem that B is compact. Further, f is convex on A, and
affine and continuous on B. Thus, from Theorem 14,

mgx if}lff >0,
that is to say, there exists * € B such that
for all (z,2) € A, g(x)+ (z —x,2™) > 0.
This can be rewritten
for all (z,2) € A, (z,z™) —g(x) < (z,2").
Taking the supremum over x and the infimum over z, we get
g (z%) < ir}}fx*.

Since the left hand side is > —o0, we derive from this that z* € Y+ and g*(z*) < 0.
This completes the proof of (33.2). |

New proof of Lemma 29. This follows from Lemma 33, using the substitutions F' :=
E?2)Y :={(z,2): z € E} and g(x1, 22) := g1(x1) + g2(x2). O

Corollary 34 is an easy consequence of Theorem 30:

Corollary 34. Let m > 2, g1, ..., gm: E — RU{oco} be conver lower semicon-
tinuous functions and, for alli=1, ..., m—1,

U /\[domgH_l — ﬂ domgj} = lin(dom g;4+1 — ﬂ§:1 dom g;).
A>0 j=1

Then

inf(gr+ -+ gm) + Zﬁﬂig:n:ogi‘(ﬁ) o+ gn(z,) =0.
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We show finally how the results of this section lead to an improvement of a result
that was shown to us by J. M. Borwein (personal communication) — Theorem
36, but with the additional hypothesis that E be reflexive. We start off with a
consequence of Corollary 31.

Lemma 35. Let E be a Banach space, fi, foa: E — R U {co} be convex lower
semicontinuous functions and

|J Aldom f1 — dom f5] =Tin(dom f; — dom f).

A>0
Then D(Of1) N D(@f2) # 0.
Proof. Clearly D(9f1) N D(Df2) = D(Df1 + 8fs) and, from Corollary 31,
D(0f1+0f2) = D(O(f1 + f2))-

Since dom f; Ndom fa # (0, f1 + f2 is proper, and, from the Brgndsted-Rockafellar
theorem, D(O(f1 + f2)) # 0. This gives the desired result. |

Theorem 36. Let E be a Banach space and g1, g2: E — RU{oo} be convex lower
semicontinuous functions such that dom gy — dom go is absorbing. Then

D(0g1) — D(0g2) is a neighborhood of 0.
Proof. From Corollary 4, there exists 7 > 0 such that
(36.1) we Eand |lw|<n = wedomg; —domgs.
We shall show that
(36.2) veFEand |v| <n = wveD@g)— D(0g2),

which gives the desired result. So let v € E and |jv|]| < 7. Define f1, f2: E —
R U {0} by fi(z) :== g1(z +v) and fo := ¢go. If u € E and |Ju|| < n — ||v||, then
|lu + v]| < n; hence, from (36.1), there exist z; € dom g; such that u +v = x1 — xo.
Thus

u=(r1 —x2) —v = (21 —v) — 29 € dom f; — dom fo.

So we have proved that dom f; — dom f; is a neighborhood of 0. From Lemma 35,
there exists © € D(9f1) N D(9f2). But then v = (x +v) — x € D(9g1) — D(9g2).
This completes the proof of (36.2). O

Acknowledgement. The author would like to thank Professor Jonathan M. Bor-
wein for reading earlier versions of this paper with enormous care, and making a
number of extremely penetrating and useful comments and suggestions.

Remark added in press. Using Lemma 17, one can in fact prove that the conditions
(0.2), (0.3) are equivalent to the dom-dom constraint qualification (0.4), and that
the conditions (0.5), (0.6), (0.7) and (23.1) are equivalent to the x constraint quali-
fication. Details of these results are in the addendum Pairs of monotone operators,
which is the paper immediately following this one.
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